Abstract. We study the influence of laser profile on the linewidth of the optical spectrum of multi-photon resonance phenomena. First, we investigate the dependence of the absorption spectrum on the laser profile in a two-level system. Thanks to the Laguerre-Gaussian field, the linewidth of the one-photon optical pumping and two-photon absorption peaks are explicitly narrower than that obtained with a Gaussian field. In next section, it is shown that, comparing with the the Gaussian fields, the Laguerre-Gaussian ones reduce the linewidth of the optical spectrum in the coherent population trapping. Interestingly, it turns out that its use of a Laguerre-Gaussian beam makes the linewidth of the spectrum narrower as compared with a Gaussian one in a Doppler-broadened electromagnetically induced transparency. Moreover, we study the effect of the laser profile on the Autler-Townes doublet structure in the absorption spectrum for a laser-driven four-level atomic system. We also consider the different values of the Laguerre-Gaussian mode beam waist, and, perhaps more remarkable, we find that for the small values of waist, the Autler-Townes doublet can be removed and a prominent narrow central peak appears in the absorption spectrum. Finally, we investigate the effect of the laser profile on the linewidth of the sub-natural threephoton absorption peak of double dark resonance. The differences in the linewidth are quite large, offering potential applications in metrology and isotope separation methods. Our results can be used for super ultra high resolution laser spectroscopy and to improve the resolution of the technology of isotope/isomer separation and photo-biology even at essential overlap of the spectra of the different particles.
Introduction
Non linear interference effects in the resonant atomlight interaction form the base for a wealth of important phenomena, such as coherent population trapping (CPT) [1, 2, 3, 4] , lasing without inversion [5, 6, 7, 8, 9, 10, 11, 12] , electromagnetically induced transparency (EIT) [13, 14] and electromagnetically induced absorption (EIA) [15] . Besides the fundamental interest, they have found numerous applications in non linear highresolution spectroscopy [16, 17, 18, 19, 20] , laser cooling [21, 22] , atom optics and interferometry [23, 24, 25] , quantum information processing [26, 27, 28, 29, 30] and high-precision metrology (atomic clocks and magnetometers) [31, 32, 33, 34] . Especially one more application should be noted, i.e., isotope/isomer discrimination. This technique is based on this fact that different isotopes/isomers absorb light at different frequencies in order that one isotope may be selectively excited by a laser tuned to a resonant atomic transition, resulting in discriminating from the another isotope. In 1996, Kasapi [35] proposed a laser-based isotope separation method between two isotopes/isomers of the same element using EIT. While one isotope/isomer is made resonantly opaque, another is simultaneously rendered highly transparent to a probe field. This separation method offers broad prospects for various applications because the enhanced signal is about one order of magnitude higher compared with conventional isotope/isomer discrimination methods.
As a rule, an interaction involving a dark state leads to undesirable decoherence, while multiple coherent interacted quantum superposition states that are coupled, i.e., double-dark resonance (DDR) [36, 37] , can be used to reduce the various decoherence effects. In 1999, Lukin et al introduced the idea of DDR and showed that in a Λ-type system, the coherent interaction can lead to a splitting of dark states and the emergence of sharp spectral features [36] . Later, it was shown that this novel spectral feature can be characterized as a powerful mechanism for Doppler-free resonance [37, 38] , group velocity controlling [39, 40] , coherently control the adiabatic passage [41, 42] , four-wave mixing [43, 44] and high resolution spectroscopy [45, 46] . Up to now, different schemes of the DDR have been investigated and also various phenomena induced by the interacting dark resonance have been explored. For example, Goren et al studied a sub-Doppler and sub-natural narrowing in a nearly degenerate tripod atomic system [47] . Recently, Verma and Dey proposed a scheme in order to improve the resolution and contrast of diffraction-limited images imprinted onto a probe field, based on the quantum interference effects induced by interacting dark resonances [48] . It has been also theoretically demonstrated that multi-layered plasmonic meta-molecules exhibit sub-natural spectral response, analogous to conventional atomic four-level configurations [49] . In these applications, the subnatural spectral response has a major role in these effects. Thus, it is evident that the narrower peak, the more pronounced these effect.
On the other hand, Laguerre-Gaussian (LG) light beams [50, 51] having a doughnut-shaped intensity distribution and zero intensity at the beam centre, have given birth to various excellent applications such as creation of a waveguide in an atomic vapour [52, 53] , rotating trapped microscopic particles [54] and a narrowing of the line shape of the Hanle resonance [55] . Recently, an LG beam have been used as a control beam in EIT and EIA, leading to narrow resonances at the line center of an optical transition [56] . In another study, Akin et al [57] have compared EIT linewidths with the control beam in an LG mode and that in a Gaussian mode and concluded that using an LG mode, the EIT in an ultra cold gas can result in a narrower resonance feature. However, the influence of the laser profile on the multi-photon resonance phenomena is somewhat less studied.
It is well-known that the tunable laser with narrow width is an essential tool for the laser spectroscopy which has been started using the optical pumping, i.e., one-photon transition. However, this phenomena applies generally a fundamental limit to the resolution due to the natural linewidth and thus can not use to distinguish different isotopes/isomers with essential overlap of the optical spectra. It was shown that a two-photon transition, i.e., CPT makes a possibility of sub-natural laser spectroscopy in atomic and molecular systems [58] . It is therefore desirable to generate the narrower structure in optical spectrum in order to improve the resolution of the spectroscopy. In this paper, we investigate one-, two-and three-photon resonance line profiles obtained with Gaussian and LG beams and show that the LG beams make the linewidth of these spectra explicitly narrower. The LGbeam-induce narrowing may have several substantial applications such as atomic clocks and magnetometers with higher precision, more efficient isotope separation methods and increased storage times in slow light experiments. In addition, the use of the LG fields may prove advantageous in all applications of laser spectroscopy.
General Formalism
Laguerre-Gaussian beam (LG l p ) defines a solution of the paraxial wave function in a cylindrical coordinate where its indices l and p are the number of times the phase completes 2π on a closed loop around the axis of propagation and the number of radial node for radius r > 0, respectively [55, 59] .
In this paper we use an LG 1 0 mode, where the electric field associated with the mode is given by
here w LG ,ê and e iψ denote the beam waist, the unit polarization vector and the reduced mode amplitude of the electric field, respectively. For a Gaussian beam, the electric field is defined as E G = e E 0G exp(−r 2 /w 2 G ) with w G being beam waist of the field. General expression for a Rabi frequency is defined as g = ( E. µ)/ with µ and E being the atomic dipole moment of the corresponding transition and the peak amplitude of the field, respectively. For the LG field, the Rabi frequency is g = g 0 r e iψ exp(−r 2 /w 2
LG )/w LG with g 0 = (E 0LGê . µ)/ as Rabi frequency constant. The corresponding express for the Gaussian beam is g = g
It is worth to mention that in order to compare different configurations of the LG and Gaussian beams, it is necessary that the fields have the same total laser power, P = f (r) 2πr dr with f (r) being the beam radius profile function. So in all figures in which they appear, the field amplitudes are chosen in order that the fields will have the same power. Also, the absorption of each figure has been normalized in order to aid linewidth comparison. For experimental point of view, the LG mode beam waist is smaller than the Gaussian mode beam waist which is necessary to counteract the loss of laser power after converting the Gaussian mode to the LG one. Throughout our discussion of numerical results we assume, unless otherwise stated explicitly, that the field has a 1/e 2 radius of 270 µm when in the LG 1 0 mode and 1.1 mm when in the Gaussian mode [57] .
In order to study optical properties of each system, we will derive a Hamiltonian of the system and then using the Von Neumann, i
, the equations of motion for the considered system can easily be derived.
Two-level System

Optical Pumping
We first consider a closed two-level system in which the transition between upper level |2 with energy E 2 = ω 22 and lower level |1 with energy E 1 = ω 11 is driven by a field at frequency ω l and with Rabi frequency g. We represent a Hamiltonian for this system as
where H 0 and V denote an atomic and interaction Hamiltonian, respectively. The Hamiltonian H 0 is represented by a diagonal matrix whose elements are given by H 0,nm = E n δ nm , (n, m ∈ {1, 2}). We then assume that the interaction energy can be described in the electric dipole approximation so that the interaction Hamiltonian has the form as
We assume that the applied field is given by E(t) = E e −iω l t + c.c. and that atomic functions have a definite parity and the diagonal matrix elements of µ vanish and non-vanishing elements of V are given by V 21 = V * 12 = −µ 21 Ee −iω l t . Within the rotatingwave approximation, the time evolution of the density matrix is given by [60] 
where we assume that the atomic dipole moment is dephased in the characteristic time T 2 , leading to a transition linewidth of characteristic width γ 21 = 1/T 2 . Note that the population inversion, ρ 22 − ρ 11 , relaxes from its initial value to its equilibrium value (ρ 22 − ρ 11 ) (eq) in a time of the order of T 1 = 1/γ which is called the population relaxation time. Also, the parameterω 21 denotes the transition frequency. We now concentrate on the response of the atomic medium to the field. Linear susceptibility, χ = χ 1 + iχ 2 of the field can be written as [61] 
where N is the atom number density in the medium. To investigate the absorption spectrum, we proceed by finding the steady-state coherence ρ 21 from equations (4) for spatially-dependent Rabi frequency, either LG 1 0 or Gaussian, leading to a radial dependence of the absorption. Here, we define the quantity g = µ 21 E/ which is known as Rabi frequency. Normalized absorption spectrum as a function of the detuning ∆ = ω l −ω 21 for T 1 = T 2 = 1 and g 0 = g ′ 0 = 5γ is shown in figure 1. Solid line (dotted line) shows the spectrum when the field is in an LG 1 0 (a Gaussian) mode. It is seen from the figure that the LG 1 0 beam causes a narrowing of the spectrum compared to the usual Gaussian beam.
In the following, we are going to compare the linewidths of the above structures, which are determined by the full width at half-maximum (FWHM). Figure 2 shows the calculated linewidths of mode is smaller than that with the Gaussian field.
Two-level Pumped-probe System
We then consider another common type two-level system, i.e., a pumped-probe system and investigate the response of the two-level atom to the simultaneous presence of a strong optical field and a weak optical field. A schematic containing the essential features of our pump-probe system is shown in figure 3 , where the atom with a ground state |1 and an excited state |2 is driven by a pump field at frequency ω c and weak probe field at frequency ω p . In the simultaneous presence of the pump and the probe field, matrix element of the interaction Hamiltonian is given by
We represent the amplitude of the field E = E 0 + E p e −iδt with E 0 and E p being the amplitudes of the pump and probe fields, respectively. Parameter µ 21 is the dipole moment and δ = ω p − ω c denotes the pump field detuning with respect to the probe field. The density matrix equations of motion are given explicitly by [61] 
where we have introduced the transition frequencȳ ω 21 = (E 2 − E 1 )/ with E i being the energy of nonperturbed state of the system. Similarly, the decay rate from the upper level to the lower level is given by γ 1 and therefore the lifetime of the upper level is
We also assume that the atomic dipole moment is dephased in the characteristic time T 2 , leading to a transition linewidth of characteristic width γ 2 = 1/T 2 . In order to find the steady-state solutions to equations (7), we proceed to use rotating frames as ρ 21 =ρ 21 e −iωct , ρ 22 =ρ 22 and ρ 11 =ρ 11 , and present the density matrix equations as
We define the Rabi frequencies for the probe and pump fields by g p = µ 21 E p / and g c = µ 21 E 0 / , respectively. The parameter ∆ = ω c −ω 21 denotes the pump field detuning from the atomic resonance transition. Due to the explicit time dependence of equations (8), we cannot readily solve exactly for the field, i.e., E = E 0 + E p e −iδt . So a strategy will be to find a solution that is exact in the amplitude of the pump field and is correct to lowest order in the amplitude of the probe field, leading to the following solution for an Normalized absorption spectrum of a probe field in the presence of a strong pump field versus the detuning δ for ∆T 2 = 3, T 2 /T 1 = 2 and g 0 = g ′ 0 = 4/T 2 . Solid curve is calculated assuming the laser beams of an LG 1 0 mode, and the dotted one belongs to the fields in the Gaussian modes. Also, TP, RL and AC denote the three-photon resonance, the Rayleigh resonance and the Ac-Stark-shifted atomic resonance [60] .
effective linear susceptibility χ ef f [60] 
Here, we have introduced the Rabi frequency g = |µ 21 E|/ and
. Now, we investigate the absorption of the probe field. In figure 4 , we display the absorptive response for the case that pump field is detuned from the atomic transition by three linewidths, ∆ T 2 = 3, and T 2 /T 1 = 2. Solid line (dotted line) in figure 4 shows the absorption of the probe field when the fields are in the LG 1 0 (Gaussian) modes. Similarly to the case of the optical pumping, we can achieve a narrower peak using the LG 1 0 fields.
Three-level System
Coherent Population Trapping
In the present section, we investigate the effect of the laser profile on the CPT. At this phenomenon, the whole population is accumulated to a certain quantum superposition state of a multi-level quantum system subject to decay processes, which is decoupled from the multi-component laser radiation. Such trapping of population is by now a well-known concept in quantum optics and laser spectroscopy, forming the basis of a number of prominent applications such as ultra high resolution spectroscopy, atomic clocks, magnetometry and coherent population transfer among quantum states of atoms/molecules, the review articles by Arimondo [62] and Agapev et al [63] may be referred. Thus, the narrower peaks in the populations could prove advantageous in the all application of the CPT. In spite of the large activities in the field of the CPT in closed atomic systems, this phenomenon in molecular multi-level systems, in which the levels involved in the CPT do not form a closed system, has not yet been studied exhaustively. In fact, because of the richness of molecular excitation pathways and variety of molecules, it is becoming increasingly more possible to develop novel high resolution spectroscopic applications of various quantum optics tools. So, we consider an interaction of molecules of a gas on level of an open Λ-system with two monochromatic light waves: a basic model for a wide array of excitation processes in molecular and solid-state systems ( figure  5 ). Electric component of the field is given by
whereê i , E 0 (r), ω i and K i are the unit polarization vector, the amplitude of the field, the frequency and the wave vector, respectively. Noting that central frequency is defined asω 3i = (E 3 −E i )/ with E i being the energy of non-perturbed state of the Λ-molecule. Using the Von Neumann equation for the density matrix, i d dt ρ = [H, ρ], and taking into account characteristic relaxation processes in the gas medium, the equations of motion for the considered system can easily be derived to give [64] 
Here, f i = ∆ i t − K i . r + φ i with φ i being the argument of the complex Rabi frequency. Parameter ∆ i = (ω i − ω 3i ) is the frequency detuning from the resonance for the field i. Relaxation rate of the excited state, partial rate of the radiative decay from the excited level to the state |1 and that of to the state |2 are denoted by 2γ 3 , 2γ 1 and 2γ 2 , respectively. The value Γ i describes the relaxation of the population of the long-lived |i to the equilibrium ρ
ii because of molecular collisions. We also define the relaxation rate of the light-induced coherence between states |1 and |2 as Γ 12 . Moreover, γ 13 and γ 23 are half-width of spectral for transition |1 − |3 and |2 − |3 , respectively. We further assumed the constraint, ρ ij = ρ * ji . In the following, we use replacements for non-diagonal elements of the density matrix in equations (11)
Then the linear equations follow as [58] 
Here, we define the Rabi frequency G i = g i exp (iφ i ).
Considering the restrictions and assuming γ 13 = γ 23 = γ, Γ 1 = Γ 2 = Γ and |g p1 | = |g p2 | = |g p |, the stationary populations ρ 11 , ρ 22 and ρ 33 are given by
where ∆ = ∆ 2 − ∆ 1 and the characteristic width W 0 is given by
for the case of the fields in the Gaussian mode, we find a very good agreement of our numerical calculated FWHM and the results obtained by integrating
Let us analyse the stationary population of the considered system by presenting the results of equations (14) . Figure 6 shows the dependency of the population on the frequency detuning of the fields for different profiles. Parameters used are γ 3 = γ, Γ 12 = Γ = 0.002 γ, ρ 
Doppler broadened Electromagnetically Induced Transparency
Next, we consider a three-level Λ-type system driven by the strong pump and weak probe fields (figure 5). The probe laser is scanned across the |3 −|2 transition with the detuning ∆ p = ω p −ω 32 and Rabi frequency g p = g 32 , while the coupling laser drives the |3 − |1 transition with Rabi frequency g c = g 31 and detuning ∆ 2 = ω c −ω 31 . The decay rates from level |3 to the ground levels |1 and |2 are given by γ 1 and γ 2 , respectively. The density matrix equations of motion in the rotating wave approximation and in the rotating frame are [65] 
More specifically, we are interested in studying the response of the atomic system to the probe field using the susceptibility. The above analysis is correct only for a stationary atom, while for an atom moving along the direction of the beam with velocity v, detuning for both probe and coupling lasers will change. For a counter-propagation (CTP) configuration, the following transformations are performed: ∆ p → ∆ p + ω p v/c and ∆ c → ∆ c − ω c v/c. Thus for obtaining the probe response for moving atoms, we shall consider the corrected detuning and average the result for the corrected susceptibility over the one-dimensional Maxwell-Boltzmann velocity distribution
Here, the distribution is characterized by the most probable velocity of the atoms u = 2 K B T /m, where k B , T and m denote the Boltzmann constant and temperature and mass of the atoms, respectively. In the following, we discuss the influence of the laser profile on the EIT spectrum, using the LG 1 0 and Gaussian fields rather than the plane-wave ones. The results of such a calculation for room-temperature Rb atoms [66] with γ 1 = γ 2 = γ = 0.5M Hz, g p = 0.01γ and ∆ c = 0 are shown in figure 7 . The solid line (dotted line) presents the result when the coupling field is in an LG 1 0 (a Gaussian) mode. As we expect, the linewidth of the EIT dip becomes narrower when the coupling field is in the LG 1 0 mode compared with the Gaussian field. So, one might expect that its use of the LG 1 0 field will be preferable in laser spectroscopy.
Autler-Townes doublet
In the following we consider a four-level atomic system, as shown in figure 8 . A strong coherent field with frequency ω 42 is applied to transition |2 − |4 with Rabi frequency g 42 . A weak coupling field with Rabi frequency g 41 and frequency ω 41 couples to the transition |1 − |4 . Moreover, |2 − |3 transition is driven by a weak probe field with frequency ω 23 and Rabi frequency g 23 = g p . The spontaneous decay rates are denoted by γ 41 , γ 42 , γ 23 and γ 13 . The energies of the involved states and the transition frequencies are denoted by E k (k ∈ {1, ..., 4}) andω ij = (E i − E j )/ (i, j ∈ {1, ..., 4}), respectively. Moreover, we define detuning of the laser fields as ∆ ij = ω ij −ω ij . Noting that this model has been proposed previously in a different context for group velocity control [40] . The density matrix equations of motion for the considered four-level system are given by [40] 
It ought to be mentioned that the remaining equations follow from the constraints ρ ij = ρ * ji and i ρ ii = 1. Moreover, we have defined Γ ij = (2γ i + 2γ j )/2 as the damping rate of the coherence with γ i being the total decay rate out of state |i , ∆ p = ∆ 23 as the probe field detuning and γ j = γ 1j + γ 2j . We then derive expressions for the linear susceptibility of the weak probe field as our main observable. The normalized absorption as a function of the probe detuning ∆ p for the LG For the case of the strong coupling field in a Gaussian mode, the absorption spectrum of the weak probe laser shows the familiar Autler-Townes doublet structure. More remarkably, the Autler-Townes doublet structure switches to a significantly narrowed peak in the absorption spectrum, when the strong coupling field is in an LG 1 0 mode. To understand the origin of the difference, we have recalculated the absorption spectrum for the case of the strong coupling field in an LG 1 0 mode at the different r. Analysis is indicated that the dominant contribution to the absorption spectrum arises from the smaller r. As is seen from figure 10, spectrum shows a relatively narrow peak for small r, while for the larger one, two smaller peaks appear in the spectrum resulting in the Autler-Townes doublet. It is clear that for the smaller intensities, a peak rises out of the spectrum and therefore Autler-Townes doublet structure cannot be exhibited. Thus we can expect that the laser profile will play a major role in establishing the Autler-Townes doublet structure. With this background, we now discuss the effect of the LG mode beam waist on the linewidth of the absorption spectrum. Considering the different values of the beam waist, we find that for the small values of the beam waist, absorption spectrum does not exhibit the expected Autler-Townes doublet; instead, a prominent narrow central peak is seen, as shown in figure 11 . Generally, it seems that the Autler-Townes doublet structure can hardly be created using the LG 1 0 mode.
Double Dark Resonance
Since the DDR does play a significant role in high resolution spectroscopy [45, 46] , we are interested in finding out how important the profile laser is and how the spectrum can be changed by the different spatial distribution of the intensity profile. In this section, this novel spectral feature for the system considered in Figure 8 is investigated by applying the weak perturbing field and neglecting the decay on transition |3 − |1 . Formation of a very sharp central peak caused by three-photon resonance in the spectrum is a characteristic feature of the phenomena [36] . Normalized absorption spectrum as a function of the probe detuning ∆p for the LG 1 0 (solid line) and Gaussian beams (dotted line) using γ 13 = 0 and g 41 = 0.04 γ. As the curves show double dark resonance is narrower for LG 1 0 mode than Gaussian mode. Other parameters are the same as those used in figure 9 . Figure 12 shows the absorption spectrum versus the probe detuning ∆ p for both LG 1 0 and Gaussian fields, when we apply the weak perturbing field with Rabi frequency g 41 = 0.04γ. The results show a narrow absorption peak at around zero detuning for both profiles. In particular, it shows that the threephoton absorption peak of double dark resonance is significantly narrower than that obtained with the Gaussian beam.
For the above parameters, the calculated linewidth of the absorption peak for LG and Gaussian profiles are about 1.8 × 10 −6 γ and 2.1 × 10 −5 γ, respectively. As the linewidth is approximately 12 times lower compared with Gaussian beam, it could improve super ultra high spectroscopy. This result will also open up possibilities for new applications such as metrology and laser isotope separation methods.
Conclusion
In conclusion, the influence of laser profile on the linewidth of the optical spectrum in the multi-photon resonance condition has been studied. First, we investigate the absorption spectrum for a two-level system and show that the Laguerre-Gaussian field results in a narrower peak than that of the Gaussian one. Then, the absorption in a two-level pump-probe atomic system is studied and it is shown that using the Laguerre-Gaussian fields, a narrower two-photon absorption peak is obtained compared to the usual Gaussian ones. We also study the effect of the laser profile on the coherent population trapping in the Λ-type molecular open systems. For the spatiallydependent Rabi frequencies, narrow peaks in the population of the levels appear in both profiles, yet the Laguerre-Gaussian fields can reduce the linewidth of the corresponding spectrum.
In addition, we study the effect of the Doppler averaging on the electromagnetically induced transparency effect for a Λ-type atomic system. Comparing with the Gaussian field, the use of a Laguerre-Gaussian beam makes the linewidth of the spectrum narrower. Moreover, the influence of the laser profile on the Autler-Townes doublet structure in the absorption spectrum for a four-level atomic system is investigated. Considering the different values of the Laguerre-Gaussian mode beam waist, we find that for the small values of waist, the Autler-Townes doublet can be removed and the absorption spectrum reveals a prominent narrow central peak. Finally, the effect of the laser profile on the linewidth of the sub-natural three-photon absorption peak of double dark resonance in the fourlevel atomic system is studied and we demonstrate that the Laguerre-Gaussian beams induce the significant narrowing so that a linewidth about twelve times lower will be possible in this scheme. Since the Laguerre-Gaussian beams can reduce the linewidth of the all above-mentioned phenomena, the use of these beams are preferable for super ultra high resolution spectroscopy applications.
